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STOCHASTIC STABILITY FOR PARTIALLY HYPERBOLIC
DIFFEOMORPHISMS WITH MOSTLY EXPANDING AND
MOSTLY CONTRACTING CENTERS
ZEYA MI
Abstract. We prove the stochastic stability of an open class of par-
tially hyperbolic diffeomorphisms, each of which admits two centers Ec1
and Ec2 such that any Gibbs u-state admits only positive (resp. negative)
Lyapunov exponents along Ec1 (resp. E
c
2).
1. Introduction
Physical measures are invariant measures that can reflect chaotic dynam-
ical behaviors with different aspects, they were achieved by Sinai, Ruelle
and Bowen [32, 31, 14, 15] for uniformly hyperbolic systems. Given a dif-
feomorphism f on a compact Riemannian manifold M , one says that an
f -invariant measure µ is physical if
1
n
n−1∑
i=0
δf ix
weak∗
−−−−→ µ, n→ +∞
holds on a set of positive Lebesgue measure.
In recent decades, a central topic in smooth dynamical systems is the
study on existence and finiteness of physical measures and their stability
under perturbations for systems beyond uniform hyperbolicity. It was con-
jectured by Palis [29] that every dynamical system can be approximated
by another one having only finitely many physical measures, whose basins
cover Lebesgue almost every point of the ambient manifold. Moreover, these
physical measures should be stable under perturbations of the system, in
stochastic sense.
Denote by Diff2(M) the set of C2 diffeomorphisms on M . Given f ∈
Diff2(M), we will study the random dynamical systems generated by i.i.d.
random maps around f (see [35], [4],[10, Appendix D.2]). For that, we
consider a metric (parameter) space T and define the continuous map
T : T −→ Diff2(M)
ω 7−→ fω
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with T (ωf ) = f for some fixed ωf ∈ T . Let {θε}ε>0 be a family of Borel
probabilities of T such that
(R1) supp(θε) is a sequence of nested compact subsets satisfying supp(θε)→
{ωf} as ε→ 0.
(R2) For any x ∈M , we have P (x, ·)≪ Leb, where P (x, ·) is the transition
probability defined by P (x,A) = θ({ω, fω(x) ∈ A}) for any measurable
subset A ⊂M .
We refer to {T, {θε}ε>0} as a regular random perturbation of f . Recall
that a probability measure µ is a stationary measure with respect to θε if∫
µ ◦ f−1ω dθε(ω) = µ.
We say that µ is a zero-noise limit measure if it is a weak* accumulation
point of a sequence of stationary measures µε with respect to θε when ε→ 0,
it is well known that any zero-noise limit measure is f -invariant.
Definition 1.1. The diffeomorphism f is said to be stochastically stable
with respect to {T, {θε}ε>0} if any zero noise limit measure is contained in
the convex hull of the physical measures of f .
Uniformly hyperbolic systems are known to be stochastically stable [36,
37, 35, 38]. The knowledge of stochastic stability for systems beyond uni-
formly hyperbolicity is still very incomplete. However, there are some impor-
tant results on this subject. Stochastic stability was obtained for some spe-
cial kind of non-uniformly hyperbolic systems, like quadratic maps, He´non
maps and Viana maps [22, 12, 8, 13]. In the sequence of works [1, 5, 3],
stochastic stability was studied for diffeomorphisms with non-uniformly ex-
panding behaviors. In this paper, we attempt to prove stochastic stability
for a a class of partially hyperbolic systems with weak expansion and con-
traction on centers.
We say that a diffeomorphism f admits a dominated splitting TM =
E1 ⊕≻ · · · ⊕≻ Ek if any Ei, 1 ≤ i ≤ k is Df -invariant and for any 1 ≤ i <
j ≤ k, we have
‖Df |Ei(x)‖ · ‖Df
−1|Ej(f(x))‖ <
1
2
for every x ∈M.
We use Es (resp. Eu) to denote that it is the stable sub-bundle which
contracts(resp. expands) uniformly under action of Df . A diffeomorphism
f is partially hyperbolic if there exists a dominated splitting and at least one
of the sub-bundles is Eu or Es.
For partially hyperbolic diffeomorphisms admitting Eu, it was proved in
[10] that any physical measure is a Gibbs u-state—a measure whose condi-
tional measures along strong unstable manifolds are absolutely continuous
with respect to Lebesgue measures. It turns out that for partially hyperbolic
systems, Gibbs u-states are crucial candidates of physical measures (see e.g.
[30, 16, 17, 19]).
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Denote by U(M) the set of C2 diffeomorphims such that any f ∈ U(M) is
a partially hyperbolic diffeomorphism with splitting TM = Eu⊕≻E
c
1⊕≻E
c
2
such that
• Ec1 is mostly expanding: any Gibbs u-state has only positive Lya-
punov exponents along Ecu;
• Ec2 is mostly contracting: any Gibbs u-state has only negative Lya-
punov exponents along Ecs.
The main result of this paper is as follows:
Theorem A. Every f ∈ U(M) is stochastically stable.
We emphasize that U(M) is an open set which contains a large class of
partially hyperbolic systems, such as mostly expanding diffeomorphisms and
mostly contracting diffeomorphisms. These diffeomorphims has been studied
extensively recently. Among which, the existence and finiteness of physical
measures for mostly expanding diffeomorphisms and mostly contracting dif-
feomorphisms were given by Bonatti-Viana [16] and Andersson-Va´squez [6],
respectively. Then, Mi-Cao-Yang [25] gave the same result for diffeomor-
phisms in U(M). More recently, another stability called statistical stability
was established for these diffeomorphisms [7, 40, 28].
We would like to remark that partially hyperbolic diffeomorphims intro-
duced in [2] are also sometimes called mostly expanding diffeomorphisms,
where the center direction admits the so called non-uniformly expanding
behavior. Their stochastic stability was realized earlier by [5] when hav-
ing persistent non-uniformly expanding behavior. We point out that it has
been showed by Andersson-Va´squez [6, Theorem A] that the non-uniformly
expanding behavior is not a robust property.
We will prove Theorem A by showing that any zero noise limit measure is a
Gibbs cu-state. The main step is to establish a sequence of hyperbolic blocks
on product space by an argument on the uniformity of central Lyapunov
exponents. A pivotal property is that any invariant measure close enough
to the zero noise limit measure (lifted to the product space) has uniformly
large measure on any fixed hyperbolic block with high level (Theorem 4.2).
This also implies that these invariant measures are random Gibbs cu-states
(Theorem 3.1). By passing limit of the densities of random Gibbs cu-states
restricted on hyperbolic blocks, one can realize the absolute continuity of
zero noise limit measure.
Acknowledgements. Z. Mi was supported by NSFC 11801278 and he
would like to thank Pro. Yongluo Cao for his useful suggestions.
2. Preliminary
Throughout, let M be a compact Riemannian manifold with distance
d(·, ·). Use Leb to denote the Lebesgue measure on M . Given a smooth
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sub-manifold γ, let Lebγ represent the Lebesgue measure on γ induced by
the restriction of the Riemannian structure to γ.
Given a probability space (X,B, µ), P is called a measurable partition of
X, if there exists a sequence of countable partitions {Pk : k ∈ N} of X such
that P =
∨∞
k=0Pk (mod 0). Let π : X → P be the projection which maps
each point of X to the element of P containing it. Denote by µˆ the quotient
measure of µ w.r.t. P defined by µˆ(A) = µ(π−1A) for every measurable
subset A of P. By Rokhlin’s disintegration theorem [10, Appendix C.4],
there exists a unique family of conditional measures {µγ : γ ∈ P} of µ w.r.t.
P such that
• µγ(γ) = 1 for µˆ-a.e. γ ∈ P, and
• for any measurable set B, γ 7→ µγ(B) is measurable with
µ(B) =
∫
µγ(B)dµˆ.
For simplicity, we will say that µ has absolutely continuous conditional
measures along P, if µγ ≪ Lebγ for µˆ-a.e. γ ∈ P.
2.1. SRB measures and Gibbs cu-states. Let f be a C2 diffeomorphism
on M . Let µ be an f -invariant measure which admits positive Lyapunov
exponents almost everywhere. By Pesin theory (see [11]), we know that
µ-almost every x admits a Pesin unstable manifold W u(x) charactered by
W u(x) =
{
y ∈M : lim sup
n→+∞
1
n
log d(f−n(x), f−n(y)) < 0
}
.
A measurable partition ξ is said to be subordinate to W u w.r.t. µ if for
µ-almost every x,
• ξ(x) ⊂W u(x), where ξ(x) is the element of ξ containing x;
• ξ(x) contains an open neighborhood of x inside W u(x).
One can give the precise definition of SRB measure as follows(see [39]):
Definition 2.1. Let f be a C2 diffeomorphism on M , an f -invariant mea-
sure µ is SRB if
– it has positive Lyapunov exponents µ-almost everywhere,
– µ has absolutely continuous conditional measures along any measur-
able partition subordinate to W u.
Let f be a diffeomorphism with a dominated splitting TM = Ecu ⊕≻
Ecs, if µ is an f -invariant measure that has positive Lyapunov exponents
along Ecu, then for µ-almost every x, there exists a Pesin unstable manifold
W cu(x) of x tangent to Ecu with dimension dimEcu. Thus one can give
the definition of Gibbs cu-state using measurable partition subordinate to
WE,u.
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Definition 2.2. Assume that f is a C2 diffeomorphism with a dominated
splitting TM = Ecu ⊕≻ E
cs. An f -invariant measure µ is called a Gibbs
cu-state if the Lyapunov exponents of µ along Ecu are positive and µ has
absolutely continuous conditional measures along any measurable partition
subordinate to W cu.
Lemma 2.1. [33, Lemma 2.4] Let f be a C2 diffeomorphism with dominated
splitting TM = Ecu ⊕≻ E
cs. Then almost every ergodic component of any
Gibbs cu-state is a Gibbs cu-state.
Lemma 2.2. [25, Theorem A] Every f ∈ U(M) admits finitely many ergodic
physical measures, they are also Gibbs cu-states.
2.2. Random perturbations. Recall that for given f ∈ Diff2(M), we de-
fine the regular random perturbation {T, {θε}ε>0} around f by considering
the continuous map T : T → Diff2(M) with {θε}ε>0 having properties
(R1),(R2). For any small ε > 0, put Ωε = supp(θ
Z
ε ), which is a compact
subset of T Z.
To study the random perturbation, it is useful to consider the random
dynamical system on product space T Z ×M as follows:
F : T Z ×M −→ T Z ×M
(ω , x) 7−→ (σ(ω), fω0(z)).
where ω = (· · · , ω−1, ω0, ω1 · · · ) ∈ T
Z and σ is the left shift operator. Let
us define the projection map
P : T Z ×M −→ T N ×M
(ω , x) 7−→ (ω+ , x)
where ω+ = (ω0, ω1, · · · ) ∈ T
N for ω = (· · · , ω−1, ω0, ω1, · · · ) ∈ T
Z.
Let dT be a distance in T , which can generate the distance dT Z on T
Z
defined by
dT Z(ω, ω
′) =
+∞∑
n=−∞
dT (ωn, ω
′
n)
2|n|
,
for ω = (· · · , ω−1, ω0, ω1 · · · ), ω
′ = (· · · , ω′−1, ω
′
0, ω
′
1 · · · ) ∈ T
Z. Given r > 0,
denote by
U(ω, x; r) =
{
(ω′, x′) ∈ T Z ×M : dT Z(ω, ω
′) ≤ r; d(x, x′) ≤ r
}
the compact ball of radius r around (ω, x).
For each ω = (· · · , ω−1, ω0, ω1 · · · ) ∈ T
Z, we use the presentation
fnω =


fωn−1 ◦ · · · ◦ fω0 n > 0 ;
id n = 0 ;
f−1ωn ◦ · · · ◦ f
−1
ω−1 n < 0 .
6 ZEYA MI
Lemma 2.3. [24, Chapter 1.2, Proposition 1.2] Let µε be a stationary mea-
sure with respect to θε. Then there is a unique F-invariant measure µ
∗
ε on
T Z ×M such that µ∗ε ◦ P
−1 = θNε × µε.
As a consequence of Lemma 2.3, we have the following result, see [27,
Lemma 3.4] for a proof.
Corollary 2.4. Assume that µεn is a stationary measure for θεn for any
n ∈ N. If µn → µ and θεn → θ as n → +∞, then µ
∗
εn → µ
∗ as n → +∞.
Furthermore, if we assume εn → 0 as n→ +∞, then we have that
lim
n→+∞
µ∗εn = δ
Z
ωf
× µ.
2.3. Random SRB measures and Gibbs cu-states. Let f ∈ Diff2(M)
and fix a stationary measure µ with respect to θε for some ε > 0. Let µ
∗ be
the unique F-invariant measure associated to µ given by Lemma 2.3.
By the result of [24, Chapter VI: Proposition 1.2], for µ∗-almost every
(ω, x), there exists the random Lyapunov exponent of (ω, x) at v ∈ TxM \{0}
defined by
lim
n→±∞
1
n
log ‖Dfnω (x)v‖.
Analogous to the deterministic case, we know that when (ω, x) admits posi-
tive random Lyapunov exponents, there exists the random unstable manifold
W u(ω, x), which is a C1 sub-manifold tangent to sub-tangent space at (ω, x)
spanned by vectors having positive random Lyapunov exponents.
A measurable partition ξ is subordinate to W u w.r.t. µ∗ if for µ∗-almost
every (ω, x),
• ξ(ω, x) ⊂ {ω} ×M , and
• ξω(x) = {y : (ω, y) ∈ ξ(ω, x)} ⊂W
u(ω, x),
• ξω(x) contains an open neighborhood of x inside W
u(ω, x).
Let us recall the definition of random SRB measure as follows.
Definition 2.3. We say that µ∗ is a random SRB measure if
• there exist positive random Lyapunov exponents for µ∗-almost every
(ω, x),
• for any measurable partition ξ subordinate to W u, µ∗ has absolutely
continuous conditional measures along ξ.
Lemma 2.5. [23, Theorem B] For a regular random perturbation, if µ is a
stationary measure, then µ∗ is a random SRB measure.
By robustness of domination property, we have
Lemma 2.6. [26, Proposition 2.4] Let f be a C2 diffeomorphism admitting
the dominated splitting TM = Ecu ⊕≻ E
cu. Then there is ε0 > 0 such that
there exists the randomly dominated splitting
TxM = E
cu(ω, x)⊕ Ecs(ω, x), ∀(ω, x) ∈ Ωε0 ×M,
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which admits following properties:
• DfωE
cs(ω, x) = Ecs(F(ω, x)) and DfωE
cu(ω, x) = Ecu(F(ω, x)).
• both Ecu(ω, x) and Ecs(ω, x) depend continuously on (ω, x).
For the rest of this section, we assume that f is a C2 diffeomorphism
exhibiting the dominated splitting TM = Ecu ⊕≻ E
cu, and take ε0 as in
Lemma 2.6.
Given a stationary measure µ w.r.t. θε for ε ≤ ε0. Let µ
∗ be the F-
invariant measure associated to µ given by Lemma 2.3. It is known that
if µ∗ has only positive random Lyapunov exponents along Ecu, then there
exists random Pesin unstable manifold W cu(ω, x) tangent to Ecu for µ∗-
almost every (ω, x). We say that ξ is a measurable partition subordinate
to W cu w.r.t. µ∗ if for µ∗-almost every (ω, x), ξ(ω, x) ⊂ {ω} × M , and
ξω(x) = {y : (ω, y) ∈ ξ(ω, x)} ⊂ W
cu(ω, x) contains a neighborhood of x
open in W cu(ω, x).
Definition 2.4. Let µ be a stationary measure w.r.t. θε for ε ≤ ε0, and µ
∗ is
the F-invariant measure associated to µ. We say that µ∗ is a random Gibbs
cu-state, if all the random Lyapunov exponents of µ∗ along Ecu are positive,
and for any measurable partition ξ subordinate to W cu, µ∗ has absolutely
continuous conditional measures along ξ.
Lemma 2.7. Let µ be an f -invariant measure, then it is a Gibbs cu-state
of f if and only if µ∗ = δZωf × µ is a random Gibbs cu-state.
3. A criterion on random Gibbs cu-states
Throughout this section, we assume that f is a C2 diffeomorphism exhibit-
ing the dominated splitting TM = Ecu ⊕≻ E
cs. Let us fix ε0 as in Lemma
2.6, thus there exists the random dominated splitting Ecu(ω, x)⊕Ecs(ω, x)
over TxM for (ω, x) ∈ Ωε0×M . For simplicity, we say that µ is a stationary
measure of {T, {θε}0<ε≤ε0} if it is a stationary measure w.r.t θε for some
ε ≤ ε0.
Given α > 0 and ℓ ∈ N, we refer to the compact subset
Bℓ(α) =
{
(ω, x) ∈ Ωε0 ×M :
n−1∏
i=0
‖Df ℓσiℓω|Ecs(F iℓ(ω,x))‖ ≤ e
−αℓn,
n−1∏
i=0
‖Df−ℓ
σ−iℓω
|Ecu(F−iℓ(ω,x))‖ ≤ e
−αℓn, ∀n ∈ N
}
.
as a hyperbolic block of level ℓ w.r.t. α.
The main goal of this section is to show the following result, whose proof
will be given in §3.2.
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Theorem 3.1. Let µn be a sequence of stationary measures of {T, {θε}0<ε≤ε0}
that converges to µ. If for every δ > 0, there exists ℓ ∈ N such that
lim sup
n→+∞
µ∗n(Bℓ(α)) > 1− δ,
then µ∗ is a random Gibbs cu-state.
3.1. Foliated charts associated to stack of unstable manifolds. Let
D
cu be the dimEcu-dimensional compact unit ball of RdimE
cu
. Let Emb1(Dcu,M)
be the space of C1 embeddings from Dcu to M .
Let us recall the following folklore result which can be deduced from the
classic Plaque family theorem [21, Theorem 5.5], see [7, Theorem 3.5] also.
Proposition 3.2. Given α > 0 and ℓ ∈ N, there exist Cℓ,α > 0, rℓ,α >
0, and a continuous map Θ : Bℓ(α) → Emb
1(Dcu,M) such that for each
(ω, x) ∈ Bℓ(α), we have
• Θ(ω, x)(Dcu) :=W urℓ,α(ω, x) has radius rℓ,α centered at x;
• for each y ∈W urℓ,α(ω, x), it has that
TyW
u
rℓ,α
(ω, x) = Ecu(ω, y);
• if y ∈W urℓ,α(ω, x), then
d(f−nω (x), f
−n
ω (y)) ≤ Cℓ,αe
−αℓn/2d(x, y), ∀n ∈ N.
We will say that W urℓ,α(ω, x) is a local random unstable manifold (of size
rℓ,α) of (ω, x). It can also be seen as a disk in the product space Ωε0 ×M ,
by identifying {ω} ×W urℓ,α(ω, x) with W
u
rℓ,α
(ω, x).
Remark 3.3. Actually, the existence of W ur (ω, x) is deduced only by domi-
nation and the backward contracting property on Ecu. The domination and
forward contracting property of Ecs imply the existence of local random sta-
ble manifolds tangent to Ecs, though we do not use this fact.
We have the Lipschitz continuity of random local unstable manifolds,
which is a generalization of its deterministic version (see e.g. [20, § 6.1]).
One can see [27, Appendix A] for a direct proof.
Lemma 3.4. Given α > 0 and ℓ ∈ N. There exists a constant L > 0 such
that for any (ω, x) ∈ Bℓ(α), we have
ρ
(
TyW
u
rℓ,α
(ω, x), TzW
u
rℓ,α
(ω, x)
)
≤ Ld(y, z)
whenever y, z ∈W urℓ,α(ω, x).
Let us fix α > 0 now. For every ℓ ∈ N, let Bℓ := Bℓ(α) and rℓ := rℓ,α for
simplicity. Take r ≪ rℓ, for every (ω, x) ∈ Ωε0 ×M , define
Pℓ(ω, x; r) :=
{
W ur (ω
′, x′) ∩ U(ω, x; r) : (ω′, x′) ∈ U(ω, x; r/2) ∩ Bℓ
}
,
which is a stack of random local unstable manifolds. We denote by Sℓ(ω, x; r)
the union of elements of Pℓ(ω, x; r).
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Lemma 3.5. Assume that µ is an F-invariant measure. If Bℓn is a sequence
of hyperbolic blocks such that
1. µ(
⋃∞
n=1 Bℓn) = 1,
2. for every ℓn, for every (ω, x) ∈ supp(µ|Bℓn), µ has absolutely continuous
conditional measures along Pℓn(ω, x; r) for some r ≪ rℓn,
then µ is a random Gibbs cu-state.
Lemma 3.5 maybe seen as a definition of the randomGibbs cu-state, which
is equivalent to Definition 2.4, one can see a discussion on this equivalence
in [9, Section 7.1]. It indicates that one can describe the absolute continuity
of Gibbs cu-states restricted on stacks of random local unstable manifolds.
To describe the absolute continuity of conditional measures along random
unstable manifolds in local sense, it is convenient to introduce the notion of
foliated chart.
Definition 3.1. Let K be a compact metric space. A foliated chart associ-
ated to K is a homeomorphism Φ : K × Dk → B such that
• Φp = Φ|{p} × D
k is a diffeomorphism for each p ∈ K.
• Φp maps D
k to disjoint (endowed random) local unstable disks with
dimension k.
• p 7→ Φp depends continuously in C
1 topology.
The result below demonstrates the existence of foliated charts associated
to stack of random local unstable manifolds.
Lemma 3.6. Let ℓ ∈ N and µ an F-invariant measure such that µ(Bℓ) >
0. Then there exists δℓ ≤ rℓ such that for any (ω, x) ∈ supp(µ|Bℓ), for
every r ≤ δℓ, we have µ(Sℓ(ω, x; r)) > 0 and there exists a foliated chart
Φ : X × Dcu → Sℓ(ω, x; r) for some compact subset X.
Proof. Let us fix (ω, x) ∈ supp(µ|Bℓ). It follows from Proposition 3.2 that
for any 0 < r ≪ rℓ, the map
hr : U(ω, x; r/2) ∩ Bℓ −→ T
Z ×M
(ω′ , x′) 7−→ W urℓ(ω
′, x′) ∩ U(ω, x; r)
is continuous in C1-topology. Using this continuity one can choose δℓ ≪ rℓ,
and take a smooth compact disk γ containing x with following property: for
every r ≤ δ0, if we take Γ = Ωε0×γ, then for any (ω
′, x′) ∈ U(ω, x; r/2)∩Bℓ,
W urℓ(ω
′, x′) is transverse to Γ at a single point, denoted by τ(ω′, x′). Writing
X :=
⋃
(ω′,x′)∈U(ω,x;r/2)∩Bℓ
τ(ω′, x′).
Claim 3.7. X is a compact subset of Ωε0 ×M .
Proof. Let (ωn, xn) ∈ X be a sequence of points that converges to (ω
′, x′) ∈
Ωε0 ×M as n → +∞. By the compactness of Γ, we have (ω
′, x′) ∈ Γ. By
definition of τ , for every n ∈ N we may choose (ωn, x̂n) ∈ U(ω, x; r/2) ∩ Bℓ
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such that τ(ωn, x̂n) = (ωn, xn). Up to considering subsequence, we may
assume that (ωn, x̂n) converges to a point (ω
′, x̂) ∈ U(ω, x; r/2) ∩ Bℓ. By
the continuity of hr, we know (ωn, xn) converges to a point in W
u
rℓ
(ω′, x̂) ∩
U(ω, x; ε). As (ωn, xn)→ (ω
′, x′), we have (ω′, x′) ∈W urℓ(ω
′, x̂) ∩ U(ω, x; r).
To conclude, we have shown that there exists (ω′, x̂) ∈ U(ω, x; r/2)∩Bℓ such
that (ωn, xn)→ τ(ω
′, x̂). This gives the compactness of X. 
By the continuity of hr, one can construct the continuous map φ : Γ →
Emb1(Dcu,Ωε0 ×M) defined by
φ(ω′, y)(Dcu) =W urℓ(ω
′, ŷ) ∩ U(ω, x; r),
where (ω′, ŷ) is a point of U(ω, x; r/2) ∩ Bℓ satisfying τ(ω
′, ŷ) = (ω′, y).
Define
Φ : Γ× Dcu −→ Sℓ(ω, x; r)
(ω′ , y, z) 7−→ φ(ω′, y)(z)
According to the definition of φ, one knows that Φ is a foliated chart. 
Given an F-invariant measure µ such that µ(Sℓ(ω, x)) > 0. If Φ : X ×
D
cu → Sℓ(ω, x) is a foliated chart, then we know µ has absolutely continuous
conditional measures on Pℓ(ω, x) iff for the pullback ν := µ ◦Φ, there exists
a measurable function ρ : X × Dcu −→ [0,∞) such that
ν(A) =
∫
A
ρ(x, y)dLebDcu(y)dνˆ(x)
for every measurable subset A of X ×Dcu, where νˆ is the quotient measure
of ν defined by νˆ(ξ) = ν(ξ × Dcu) for every measurable ξ ⊂ X.
We will use the following argument (see e.g. [34, Proposition 7.3]).
Lemma 3.8. Let µ be an F-invariant measure such that µ(Sℓ(ω, x; ε)) >
0 for some ε > 0, assume that Φ : X × Dcu → Sℓ(ω, x; ε) is a foliated
chart. Then for every C > 0, there exists C ′ = C ′(C,Φ) > 0 with following
property:
If for every open subset ζ ⊂ X satisfying νˆ(∂ζ) = 0 and open subset
η ⊂ Dcu, one has
ν(ζ × η) ≤ C · LebDcu(η)νˆ(ζ),
where ν := µ ◦ Φ, then µ has absolutely continuous conditional measures
along Pℓ(ω, x; ε) with density bounded from above by C
′.
3.2. Proof of Theorem 3.1. Let µn be a sequence of stationary measures
for which µn → µ as n → +∞. Lemma 2.3 implies that µ
∗
n → µ
∗ as
n → +∞. By assumption and compactness of hyperbolic bolcks, for any
m ∈ N, there exists ℓm ∈ N such that
(3.1) µ∗(Bℓm(α)) ≥ lim sup
n→+∞
µ∗n(Bℓm(α)) > 1−
1
m
.
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Thus, we have
µ∗

⋃
m≥1
Bℓm(α)

 = 1.
By Lemma 3.5, it suffices to verify that Bℓm(α) satisfies Condition 2 of
Lemma 3.5.
Fixing integers m and ℓm as in (3.1). Up to taking subsequences, we may
assume that
µn(Bℓm(α)) > 1−
1
m
.
holds for every n ∈ N. Choose any (ω, x) ∈ supp(µ|Bℓn(α)), and then take
r small enough and satisfies
(3.2) µ (∂(Sℓm(ω, x; r))) = 0,
recall that Sℓm(ω, x; r) is the union of stack of random local unstable mani-
folds with uniform size and backward contracting rate.
It follows from Lemma 2.5 that any µ∗n is a random SRB measure. Accord-
ing to the definition of hyperbolic blocks, we have that µ∗n-almost every point
of Bℓm(α) has only negative Lyapunov exponents along E
cs and positive
Lyapunov exponents along Ecu. Denote by ρ̂n be the density of the condi-
tional measures of µn along Pℓm(ω, x; r), put J
cu(ω′, y) = |detDfω′ |Ecu(ω′,y)|.
Then, we have [24, Chapter VI: Proposition 2.2 and Corollary 8.1]
ρ̂n(ω
′, y)
ρ̂n(ω′, z)
=
∞∏
k=1
Jcu(F−k(ω′, z))
Jcu(F−k(ω′, y))
for µ{ω′}×γ-almost every (ω
′, y) and (ω′, z) in {ω′}× γ ∈ Pℓm(ω, x; r). Using
Lemma 3.4, one gets that there exists C0 independent of n such that for
every n ∈ N,
1
C0
≤ ρ̂n(ω
′, y) ≤ C0
for µ{ω′}×γ-almost every (ω
′, y) in {ω′} × γ ∈ Pℓm(ω, x; r). By Lemma 3.6,
there exists a foliated chart Φ : X×Dcu → Sℓm(ω, x; r). Consequently, there
is a constant C1 > 0 such that for any n ∈ N, for measurable subsets ζ ⊂ X
and η ⊂ Dcu,
(3.3) νn(ζ × η) ≤ C1 · LebDcu(η)νˆn(ζ) for every n ∈ N,
where νn = µ
∗
n ◦Φ for every n ∈ N. Define ν = µ
∗ ◦Φ, then the convergence
µ∗n → µ
∗ yields νn → ν directly. By assumption (3.2), we have νˆn → νˆ
as n → ∞. Take any open subset ζ ⊂ Dcu and open subset ζ ⊂ X with
νˆ(∂ζ) = 0. Applying (3.3), one gets
ν(ζ × η) ≤ lim inf
n→∞
νn(ζ × η)
≤ C · LebDcu(η) lim inf
n→∞
νˆn(ζ)
= C · LebDcu(η)νˆ(ζ).
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By Lemma 3.8, one knows that µ has absolutely continuous conditional
measures along Pℓm(ω, x; r).
4. Proof of the Theorem A
Let f be a C2 diffeomorphism exhibiting a dominated splitting TM =
Ecu ⊕≻ E
cs. Let us fix the noise level ε0 given by Lemma 2.6. Given ℓ ∈ N
and α > 0, let
Kuℓ (α) =
{
(ω, x) ∈ Ωε0 ×M :
n−1∏
i=0
‖Df ℓω|Ecs(ω,x)‖ ≤ e
−αℓ,∀n ≥ 1
}
;
Ksℓ (α) =
{
(ω, x) ∈ Ωε0 ×M :
n−1∏
i=0
‖Df−ℓω |Ecu(ω,x)‖ ≤ e
−αℓ,∀n ≥ 1
}
.
Then define
Kℓ(α) = K
u
ℓ (α) ∩K
s
ℓ (α).
Lemma 4.1. Given 0 < α < β, if {µn} is a sequence of F-invariant mea-
sures that converges to µ such that
lim
n→+∞
1
n
log ‖Df−nω |Ecu(ω,x)‖ < −β, limn→+∞
1
n
log ‖Dfnω |Ecs(ω,x)‖ < −β
for µ-almost every (ω, x) ∈ Ωε0 ×M , then for any η ∈ (0, 1) there exists
ℓ(η) ∈ N such that for any ℓ ≥ ℓ(η), we have
lim inf
n→+∞
µn (Kℓ(β)) > 1− η.
Proof. Since
lim
n→+∞
1
n
log ‖Df−nω |Ecu(ω,x)‖ < −β
holds on a subset with full µ-measure, for any η ∈ (0, 1) there exists ℓ(η) ∈ N
such that for any ℓ ≥ ℓ(η), we have
µ (Uℓ) > 1− η/2,
where
Uℓ :=
{
(ω, x) ∈ Ω×M :
1
ℓ
log ‖Df−ℓω |Ecu(ω,x)‖ < −β
}
.
By definition, Uℓ is open and contained in K
u
ℓ (β), thus the convergence
µn → µ suggests that
lim inf
n→+∞
µn(K
u
ℓ (β)) ≥ lim infn→+∞
µn(Uℓ) > 1− η/2.
By the similar argument as above, we conclude that
lim inf
n→+∞
µn(K
s
ℓ (β)) > 1− η/2.
Consequently, we have
lim inf
n→+∞
µn(Kℓ(β)) > 1− η.

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By using Pliss-like Lemma (see [18, Lemma 5.8], [7, Lemma A]) to Lemma
4.1, we can obtain the following result. The proof is similar to [18, Propo-
sition 5.6], hence we omit here.
Theorem 4.2. Given 0 < α < β, if {µn} is a sequence of F-invariant
measures that converges to µ such that
lim
n→+∞
1
n
log ‖Dfnω |Ecs(ω,x)‖ < −β, limn→+∞
1
n
log ‖Df−nω |Ecu(ω,x)‖ < −β
for µ-almost every (ω, x) ∈ Ωε0 ×M , then we have
lim
ℓ→+∞
lim inf
n→+∞
µn(Bℓ(α)) = 1.
As a consequence of Theorem 4.2, we have
Corollary 4.3. Let f be a diffeomorphism with a dominated splitting TM =
Ecu⊕Ecs. Given α > 0, if µ is a zero noise limit of a sequence of stationary
measures µn satisfying
lim
n→+∞
1
n
log ‖Dfn|Ecs(x)‖ < −β, lim
n→+∞
1
n
log ‖Df−n|Ecu(x)‖ < −β
holds for µ-almost every x ∈M , then we have
lim
ℓ→+∞
lim inf
n→+∞
µ∗n(Bℓ(α)) = 1.
Proof of Corollary 4.3. Assume that µn → µ as n → +∞, then µ is an f -
invariant measure on M . By Lemma 2.3, we obtain that µ∗ = δZωf × µ. The
assumption on Lyapunov exponents along Ecs and Ecu is equivalent to say
that
lim
n→+∞
1
n
log ‖Dfnω |Ecs(ω,x)‖ < −β, limn→+∞
1
n
log ‖Df−nω |Ecu(ω,x)‖ < −β
hold for µ∗-almost every (ω, x) ∈ Ωε0 ×M . Therefore, we get the desired
result by applying Theorem 4.3. 
Now we are ready to complete the proof of Theorem A.
Proof of Theorem A. Let f ∈ U(M) with partially hyperbolic splitting TM =
Eu⊕Ec1⊕E
c
2 such that E
c
1 is mostly expanding and E
c
2 is mostly contracting.
Given α > 0 and ℓ ∈ N, recall the definition of hyperbolic blocks {Bℓ(α)}ℓ≥1,
where we assume Ecu := Eu ⊕ Ec1 and E
cs := Ec2.
By the result of [25, Lemma 3.4 & Lemma 3.5], one knows that for every
Gibbs u-state µ of f , there is β > 0 such that
lim
n→+∞
1
n
log ‖Dfn|Ecs(x)‖ < −β, lim
n→+∞
1
n
log ‖Df−n|Ecu(x)‖ < −β
for µ-almost every x ∈ M . Now we assume that µ is a zero noise limit of
some sequence of stationary measures µn, which implies that µ is a Gibbs
u-state(see e.g. [19, Proposition 5]). Let µ∗ and µ∗n be the F-invariant
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measures associated to µn and µ given by Lemma 2.3. By Corollary 4.3, for
any α > β we have
lim
ℓ→+∞
lim inf
n→+∞
µ∗n(Bℓ(α)) = 1.
Hence, Theorem 3.1 implies that µ∗ is a Gibbs cu-state for the extended
dynamical system. Using Lemma 2.7, we know µ is a Gibbs cu-state. By
Lemma 2.1 and Lemma 2.2, µ is a convex combination of finitely many
ergodic physical measures of f . This completes the proof of Theorem A. 
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